A recently developed topological mesh modeling approach allows users to change topology of orientable 2-manifold meshes and to create unusual faces. Handle-faces are one of such faces that are commonly created during topology changes. This paper shows that vertex insertion and corner cutting subdivision schemes can effectively be used to reconstruct handle-faces. These reconstructions effectively show the structure of these unusual faces. The paper has three contributions. First, we develop a new corner cutting scheme, which provides a tension parameter to control the shape of subdivided surface. Second, we develop careful and efficient remeshing algorithms for our corner cutting scheme that use only the basic operations provided by our topological mesh modeling approach. This implementation ensures that our new corner cutting scheme preserves topological robustness. Finally, a comparative study shows that the corner cutting schemes create better handles and holes than the well-known Catmull-Clark scheme.
Introduction and Motivations
With the introduction of subdivision surfaces and the wider usage of solid modeling and implicit surfaces, topology has been becoming an important element of computer graphics research, development and production. There have been various studies in topological modeling during the last decade [15, 16, 19, 11, 21, 14, 12] .
We have recently introduced topological graph theory [9, 13, 5] to computer graphics for effective and robust modeling of 2-manifold meshes [1] . We have also introduced a new data structure Doubly Linked Face List (DLFL), which guarantees topological consistency and provides topological changes [1, 5] . We have identified two operations InsertEdge and DeleteEdge to change mesh structure and manifold topology. Our recent investigation suggests that these two operations with two fundamental Euler operations, MVFS and KVFS [19] , which we call CreateVertex and DeleteVertex respectively, form a complete and minimal set of operations for robust and user-friendly modeling of any orientable 2-manifold mesh. In other words, these four operations constitute a necessary and sufficient minimal-set upon which all homeomorphic and topological operations can be implemented [6] .
By using our approach, it is easy to change the topology of polygonal meshes. The topological changes we demonstrate include opening and closing holes, creating and deleting handles, connecting two disjoint meshes into one, and separating one mesh into two disjoint ones. During these operations, we also guarantee that polygonal meshes remain valid 2-manifolds.
Motivation for this paper comes from reconstruction of unusual faces that we encounter during topology changes. These unusual faces which we call handle-faces are created by our InsertEdge operation [1, 5] that can combine two distinct faces with a single edge. In most cases, the resulting handle-face cannot be effectively rendered with current graphics hardware. In order to see the actual structure of this handle-faces, we need to reconstruct them.
In most cases, these handle-faces are at least octagons and it is difficult to reconstruct them using parametric methods [10, 3, 18] . Instead, subdivision schemes [4, 8, 17, 20, 7] provide an attractive alternative for the reconstruction of such handle-faces. In fact, we have recently shown that Catmull-Clark subdivision algorithm [4] over the DLFL structure [2] can effectively be used to reconstruct these handle-faces. Reconstruction with Catmull-Clark subdivision greatly improves the quality of handle-faces. However, in the first iteration of Catmull-Clark, high valence extraordinary vertices are created. Limit surfaces around these vertices generally have ripples that give a G 1 discontinuous look. In this work, we further study the handle-face reconstruction with subdivision algorithms. We first develop a new corner cutting algorithm and implement it with our minimal set of operations [6] . The new algorithm is similar to Doo-Sabin subdivision scheme, and has the property that users can control the shape of subdivided surface via a parameter. This parameter is independent of the valence of the faces (the valence of a face is the number of sides of the face).
We have also developed two algorithms to remesh a 2-manifold mesh based on the corner cutting scheme. These algorithms are entirely based on our minimal set of operations.
In one of the algorithms, the new mesh is constructed by adding and deleting edges to the old mesh, and the other algorithm creates the new mesh from scratch starting from a single vertex and keeps the old mesh completely intact. Since both algorithms are entirely based on our minimal set of operations, they guarantee the topological robustness of the implementation.
Finally, we compare our new subdivision algorithms with the well-known Catmull-Clark algorithm which is also implemented on the DLFL structure, and show that the new corner cutting and Doo-Sabin algorithms give a better quality handle-face reconstruction.
Topological Operations and Handle-Faces
We have recently identified a minimal set of basic operations on the DLFL structure that are necessary and sufficient for performing all homeomorphic and topological operations on orientable 2-manifolds [6] . A clear identification of the minimal set of operations distinguishes the lower level fundamental operations from the higher level operations, and greatly improves computational efficiency, user interactivity, and topological robustness.
The minimal set consists of four fundamental operations, as follows:
1. CreateVertex(v) creates a 2-manifold surface with one vertex v and one face f which we call a point sphere as shown in Figure 1 . This operation is the same as the Euler operation M V F S [19] and effectively adds a new surface component to the current 2-manifold. 2. DeleteVertex(v) is the inverse of the CreateVertex(v) operation, i.e., it deletes a point sphere from the current 2-manifold. This operation is the same as the Euler operation KV F S [19] .
3. InsertEdge(c 1 , c 2 , e) inserts a new edge e to the mesh structure between two corners c 1 and c 2 (a corner is a subsequence of a face boundary walk consisting of two consecutive edges plus the vertex between them. A corner can also be given as a face-vertex pair). According to our current implementation of the DLFL structure, the operation InsertEdge takes time logarithmic in the number of vertices in the involved faces.
4. DeleteEdge(e) deletes an edge e from the current 2-manifold mesh represented by the DLFL structure. This is the inverse operation of InsertEdge and also takes time logarithmic in the number of vertices in the involved faces in our current implementation of the DLFL structure.
The above set of operations is minimal and complete in the sense that it is necessary and sufficient for performing all kinds of homeomorphic and topological operations on orientable 2-manifold meshes. The CreateVertex operation is essential in the initial stage of manipulating 2-manifolds and creates a new surface component in the given 2-manifold. In particular, it is necessary when a new surface component is created in an empty manifold. Similarly, the DeleteVertex operation is convenient for "cleaning up" a manifold, and is a necessary operation when a surface component needs to be completely removed from the 2-manifold.
The InsertEdge is the only operation among the four basic operations that can increase the genus of a manifold. In general, if InsertEdge inserts an edge between two corners of the same face, the new edge divides the face into two faces without changing topology, as shown in Figure 2 . On the other hand, if InsertEdge inserts an edge between corners of two different faces (this includes the situation in which an endpoint or both endpoints of the new edge correspond to point-spheres), the new edge merges the two faces into one and changes the topology of the 2-manifold. This situation is shown in Figure 3 . The unusual face shown at the left in this figure is an example of the type of faces which we call "handle-faces".
In case the operation InsertEdge is inserting an edge e to corners of two different faces f 1 and f 2 , there is an interesting and intuitive interpretation of the operation as follows: the operation can be decomposed into two steps. In the first step, we cut off along the boundaries of the faces f 1 and f 2 , which results in a 2-manifold with two "open" holes, then the second step runs a new "pipe" between the two holes and allows the pipe ends to "seal" the two holes. An illustration is shown in Figure 4 .
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Figure 2: Inserting an edge between two vertices of the same face divides the face into two and deleting an edge between two faces merges the two faces into one.
DeleteEdge is the inverse operation of the InsertEdge. As shown in Figure 2 and Figure 3 , DeleteEdge either merges two faces into a bigger face or splits a handle-face (which forms a pipe) into two faces. When DeleteEdge splits a handle-face into two faces (as shown in Figure 3 ), the situation can be described by a 2-step process in which the first step cuts off a pipe from the 2-manifold and leaves two open holes and, the second step seals the two open holes by two disks (which are the two new faces). This operation eliminates either a handle or a hole from the 2-manifold, which is the only, thus also necessary operation among the four that decreases the genus of a 2-manifold.
One important challenge is to efficiently visualize the handle-faces -they are a bit strange looking and current graphics hardware does not support such strange faces. We notice that subdivision schemes can effectively be used to reconstruct such faces and make the structure of the handle become apparent as illustrated in the last figure in Figure 5 .
Handle-Face Reconstruction with Subdivision
The existing subdivision schemes can be classified based on three criteria [22, 23] : (1) the type of refinement rule (e.g. vertex insertion [4] or corner cutting [8] ) (2) the type of generated mesh (e.g. triangular [17] or quadrilateral [4] ) (3) whether the scheme is approximating or interpolating. We observed that, for the improvement of handle-faces, triangular or interpolating schemes are not appropriate choices. This observation limited our choices to approximating and quadrilateral schemes. Earlier we have implemented Catmull-Clark subdivision algorithm [4] on the DLFL structure [2] (Catmull-Clark is a vertex insertion, approximating and quadrilateral scheme [22, 23] ). Based on this implementation, we have demonstrated how the DLFL structure supports efficiently and effectively topological change and subdivision operations. In particular, we showed how a handle can be added to a cup based on the system (see [2] for details).
One feature that is not completely satisfactory is that the reconstruction of the handle-face based on a vertex insertion subdivision scheme creates an extraordinary vertex with a high valence. (The "valence" of a vertex is the number of edges incident on the vertex.) This extraordinary vertex occurs at the middle of the handle as shown in Figure 5 in the first iteration of vertex insertion scheme. The valence of the extraordinary vertex on a handle is generally higher than 8. The resulting surface does not always look smooth around such an extraordinary vertex because of the ripples created as a result of the unusual structure around the extraordinary vertex as shown in Figure 6 * . In this paper, we show that the quality of the reconstruction of handle-faces can be improved by using corner cutting schemes. Corner cutting schemes do not create additional extraordinary vertices. Under a corner cutting scheme, the handle-face eventually becomes a high-valence planar face, which is a part of C 1 smooth handle [8] . After a few number of iterations, this high-valence face does not create any * The reconstruction with subdivision is one of the ways to improve the quality of handle-faces. Inserting new edges to a handle-face can also help to remove the ripples and avoid high valence vertices. If a second edge is inserted to connect any two vertices of a handle-face, the new edge separates the handle-face into two faces without changing the topology of the mesh. By inserting more edges, the quality of the handle can be improved further [2] . visual distraction since it becomes almost planar.
Corner Cutting Schemes
The refinement rules for a general corner cutting algorithm are as follows: 
where a n,m are real coefficients described by the corner cutting scheme and N is the valence of the face.
• Step 2 : For each old face, create a new face by connecting all the new points that have been generated in that face;
• Step 3 : For each old vertex, connect all the new points that have been generated for that vertex (in all faces whose boundary contains the vertex);
• Step 4 : For each old edge, connect the four new points that have been generated for the two ends of the edge.
•
Step 5 : Remove all old vertices and edges.
For any subdivision scheme using approximation, the coefficients a n,m in step 1 in the above algorithm must satisfy the following conditions (we assume that the vertex indices are given in the order of a face traversing):
1. a n,m ≥ 0 for all n and all m and 2. for all n's N −1 m=0 a n,m = 1.
These conditions guarantee convergence of the algorithm and provide C 0 continuity and affine invariance properties [22, 23] .
Doo-Sabin Algorithm
For example, in the well-known Doo-Sabin subdivision scheme, the coefficients a n,m in equation (1) are computed using the following formulas:
if n = m a n,m = 3+2 cos
It is easy to verify that in Doo-Sabin scheme, each coefficient is always greater than zero and the coefficients add up to 1. By using Fourier analysis, Doo-Sabin showed that this scheme has three distinct eigenvalues 1, 1/2, 1/4. One eigenvector has the eigenvalue 1, two eigenvectors correspond to eigenvalue 1/2 and the rest of the eigenvectors correspond to the smallest eigenvalue 1/4. This structure of eigenvalues of the Doo-Sabin scheme guarantees that the scheme provides tangent plane continuity [8, 22, 23 ].
A New Corner Cutting Algorithm with Tension
Our new corner cutting scheme is inspired by Doo-Sabin algorithm. Let vertex indices in a face be given by a rotation order, we use the following formula to compute the coefficients a n,m to compute the position of v n .
where
In these equations, parameter a in equation (2) is provided by users and it is used as a tension parameter [3] . The new algorithm gives subdivision rules for generating quadratic B-spline tensor-product surfaces for N = 4 and a = 9/16. Note that, in our case the coefficients add up to 1 and if 0 < a < 1 each coefficient is greater than zero. By using Fourier analysis, similar to Doo-Sabin's approach, we can show that the new scheme also has three distinct eigenvalues
and if a < 1 then regardless of the value of N the sequence is strictly decreasing. Similar to Doo-Sabin scheme, only one eigenvector corresponds to eigenvalue 1, two eigenvectors correspond to the second largest eigenvalue and the rest of the eigenvectors correspond to the smallest eigenvalue. This result demonstrates that our scheme also provides tangent plane continuity. There also exists a lower limit over the value of a. To have positive eigenvalues, for a triangular face. (i.e., N = 3) a must be larger than 1/3 (Note that in triangle case, the third eigenvalue will not exist.) For a quadrilateral face (i.e., N = 4) a must be larger than 5/12. Otherwise, the smallest eigenvalue can become negative. It is safer to choose 5/12 as a lower bound for a since in corner cutting schemes we cannot avoid quadrilaterals (each old edge become a quadrilateral after the application of corner cutting scheme once.)
Figures 7 and 8 show the first four consecutive iterations of the new corner cutting scheme for a cube control shape. In these examples, we used the parameters a = 9/16 and a = 0.9. As shown in the Figures, the larger a values, the less rounded shape becomes. This is because for larger a values, the position v n will geometrically be closer to the position of v n . By using this property, the user can control the degree of smoothness. 
Remeshing Algorithms for Corner Cutting
It is straightforward to implement vertex insertion schemes (such as CatmullClark) over the DLFL structure by using only minimal set of operations [2] which guarantee topological robustness during the process. Unfortunately, the same cannot be directly done for the development of algorithms to implement corner cutting schemes, since the new mesh structure resulting from corner cutting scheme is completely disjoint from the initial mesh. More seriously, if the new mesh is constructed by operations that are not provided by DLFL structure, topological inconsistency might be introduced during the process. In the following, we present two remeshing algorithms for corner cutting schemes that only use the operations provided by DLFL structure. Since DLFL structure and these operations are topologically robust, our algorithm always guarantee topological consistency.
Let M be a mesh given in the DLFL structure such that we will apply a corner cutting algorithm on M. If M has n vertices, m edges and f faces, then the new mesh structure M after corner cutting algorithm will have n + m + f faces: each face in M induces a new face of the same valence in M (see Step 
Remeshing Algorithm -1
For the development of the first remeshing algorithm we use one high-level operation to simplify the steps of the algorithm:
SubDiV(e, v) subdivides the edge e = (u, w) by a new vertex v of valence 2 so that the edge e becomes two new edges (u, v) and (v, w). This operation can be implemented with the minimal set of operations (first delete the edge (u, w), then create an isolated vertex v, then insert edges between u and v, and between v and w. In our work, since it is an extremely simple operation, we have implemented it as a stand alone operation.
The first remeshing algorithm proceeds as follows for a given mesh M under the DLFL structure, Figure 9D ).
• Step 2 : Now for each old vertex v in the mesh M, suppose the neighbors of v, which are all new added vertices, are ordered by the rotation at v asv 0 , Figure 9E ).
Remark 5. The DLFL structure also provides a VertexTrav operation that allows to traverse the neighbors of a vertex in the order of the rotation at the vertex in time linear in the valence of the vertex. Therefore, Step 2 can be done very efficiently. Moreover, the face corners for the new inserted edge [v j ,v (j+1) (mod r) ] are in the face that also contains the face corner (v (j+1) (mod r) , v,v j ), so they can be found conveniently.
Step 3 : Finally, we delete all edges of form [v , w ] , where v and w are the new vertices subdividing an old edge [v, w] in the mesh M, and delete all old vertices in M and the edges incident to them (by repeatedly using the edge delete operation followed by a single vertex delete operation). It is not difficult to verify that none of the operations we applied in this algorithm changes the topology of the initial mesh M. Therefore, the resulting structure M must be a corner cutting remesh of the original manifold structure.
Remeshing Algorithm -2
One of the problem with the previous remeshing algorithm is that when the algorithm is completed the initial mesh M is completely lost. In order to allow operations such as undo, it is better to preserve the initial mesh M. The following second remeshing algorithm in this section preserve the initial mesh M and it is also based on our topology operations.
For the development of the second remeshing algorithm we have developed a high-level operation that simplifies the steps of the algorithm. This high level operation given below has been implemented efficiently with the minimal set of operations and thus guarantees topological consistency.
CreateFaceManifold
. This operation creates a two sided face (a manifold surface) by the following procedure.
for
Remark 1. Each of these vertices before the insert edge operation has a valence less than 2. Therefore, we do not have to specify the corners.
The algorithm proceeds as follows for a given mesh M under the DLFL structure (see Figure 10 ): Let M denote the new mesh structure created by remeshing algorithm 2. Let us compare M with the mesh structure M created by the remeshing algorithm 1 (see Figure 9) . It is not difficult to verify that they have the same vertex position and the same edge set (because the vertex positions are computed using the same formulas (1) and (2)). Moreover the "rotation" at each vertex (i.e. the cyclic order of the edges incident to the vertex) is also identical in the two mesh structures. According to the principle of rotation systems (see [1, 5] for further explanation) the mesh structures M and M have exactly the same topological structure. In consequence, they give exactly the same mesh structure (both topologically and geometrically).
Implementation and Results
Both algorithms have been implemented in a C++ program. We applied the new corner cutting algorithm to the control shapes we used for Catmull-Clark subdivision to obtain smooth handles and holes [2] . It is interesting to note that the corner cutting algorithm creates better looking handles and holes than CatmullClark algorithm as shown in Figure 11 and Figure 12 . Note that in these examples, unlike in the Catmull-Clark case, handles and holes look smoother even for only one edge insertion. Inserting additional edges further improves the quality of the handles and holes. 
Discussion, Conclusion and Future Work
In this paper, we continue to study the relationship between the topological mesh modeling and subdivision algorithms. We have developed a new corner cutting algorithm, which provides a tension parameter to control the shape of subdivided surface. We have also implemented the new corner cutting algorithm, over the DLFL structure.
We have observed that the corner cutting schemes are more appropriate for the reconstruction of handle-faces as they create better handles and holes than CatmullClark. It can also be informative to compare reconstruction of other types of unusual faces that are created during topological modeling. Our initial investigation strongly suggest that for other types of unusual faces, limit surfaces created by the Doo-Sabin scheme also behave better than those created by the Catmull-Clark scheme. It can be interesting to develop vertex insertion schemes that can effectively reconstruct such unusual faces.
This paper, along with [2] , shows that the DLFL structure is subdivision friendly. Since subdivision operations are essential for the improvement of the quality of meshes, performing the topological change operations and the subdivision operations alternatively provides a powerful shape modeling approach that supports a hierarchy of topology changes and quality improvements at different levels of details.
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